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Abstract. We provide a symplectic reduction of a partially integrable Hamiltonian system to a 
completely integrable one. The KAM theorem is applied to this reduced completely integrable 
Hamiltonian system. Its KAM perturbation generates a perturbation of the original partially 
integrable system such that the set of tori kept by this perturbation is large. 

Mathematics Subject Classification (2000): 37J35, 37J40, 70H08 

Key words: integrable system, symplectic reduction, KAM theorem 


Without loss of generality, we here deal with the KAM theorem in its standard form of 
quasi-periodic stability and anyliticity B 80 - Let 

V x T m —> V (1) 

be a trivial fibre bundle in m-dimensional tori over an m -dimensional domain V C M m . Let 
it be equipped with the standard coordinates (J a , cp a ), a — 1,... ,m, and provided with the 
symplectic form 

R = dJ a A d<p a . (2) 

Let a Hamiltonian TC(J a ) on V x T m depend only on action variables ( J a ). Its Hamiltonian 
vector held with respect to the symplectic form R (|j) reads 

d H = d a Hd a , (3) 

and defines the Hamilton equation 

Ja = 0, p a = d a n (4) 

on V x T m . By this equation, the tori of the fibre bundle (ij) are invariant manifolds. 
In accordance with the classical Liouville-Arnold theorem M, any completely integrable 
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Hamiltonian system around a regular connected compact invariant manifold is brought into 
the above mentioned standard form. Now, let 

H' = H + H 1 (J a ,<p a ) ( 5 ) 

be a perturbed Hamiltonian on V x T m depending both on action and angle coordinates. 
Its Hamiltonian vector field with respect to the symplectic form hi (2) reads 

•&h> =d a H’d a - d a n'd a , ( 6 ) 

and defines the Hamilton equation 

Ja = -d a n\ <p a = d a n ' ( 7 ) 

on V x T m . The above mentioned KAM theorem states that, under certain conditions on the 
Hamiltonian H! the perturbed Hamilton equation (|7[) admits solution living in tori so 
that the complement of the set of these tori has a Lebesgue measure which tends to zero as the 
perturbation tends to zero. Namely, fixing a torus J* = (J*) with appropriate (Diophantine) 
frequencies a ; a = (d a H)( J£), one can construct a convergent sequence of canonical analytical 
transformations (J a ,ip a ) = Q(p a ,q a ) around J* which brings the perturbed Hamiltonian 7i' 
([|) into the form 

H'ipa, q a ) = const. + u a p a + H 2 {p a , q a ), 

where H 2 is a strictly quadratic function of canonical coordinates p a . Then, the Hamilton 
equation fl?]), rewritten in coordinates ( p a ,q a ), has a particular solution 

p a = 0, q a = uj a t (8) 

living in a torus. In other words, the Hamiltonian vector field (|6j) has the integral curve 
<f>(0,t<; a f) (|J) located in a torus. In terms of the original action-angle coordinates, this torus 
is given by the parametric equation ( J a , p a ) = <h(0, q a ), q G T m . It is an image of the torus 
J* under a diffeomorphism near the identity. 

Turn now to a partially integrable Hamiltonian system on a 2n-dimensional symplectic 
manifold (Z, H). It is defined by 1 < k < n real smooth functions {Hi} which are pairwise 
in involution and independent almost everywhere on Z. The latter implies that the set of 
non-regular points, where the morphism 

x Hi : Z -> R k (9) 

fails to be a submersion, is nowhere dense. We agree to think of one of the functions Hi 

as being a Hamiltonian of a partially integrable system. Let M be a regular connected 

compact invariant manifold of this system. The well-known Nekhoroshev theorem [[1!. [5], § 
states that, under certain conditions, there exists an open neighbourhood U of M which is 
a trivial composite bundle 

7T: U = VxWxT k ^VxW^V (10) 
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over domains W C M 2 ( n ^ and V C M fc . It is provided with the partial action-angle 
coordinates (/*; z x ](f) 1 ), i = 1 A = (n — fc), such that the symplectic form 

ff on U reads 

Q = dli A dcf) 1 + zftdz 11 A dz" + f^(ij, z x )dli A dz M , (11) 

and integrals of motion Hi depend only on the action coordinates Let be a Hamil¬ 

tonian of a partially integrable system on [/ m ■ Its Hamiltonian vector field with respect 
to the symplectic form fl ([□]) is 

d H = &Hdi, (12) 

and defines the Hamilton equation 

i t = o, i A = o, ft = <m (13) 

A glance at this equation shows that U —> V x W © is a trivial bundle in invariant tori. 
Herewith, the functions H x = z x on U (0) are also integrals of motion, but they need 
not be in involution with the functions Hi because of the third term A dzA of the 

symplectic form fl (|TT|). If this term vanishes, there are more than k integrals of motion on 
U in involution. 

Let us note that there exists a Darboux coordinate chart Q x T k C U, foliated in tori 
and provided with coordinates (A; Pa; Q X ] <p l ) where ip 1 = (p l + /*(/*, z x ) are new coordinates 
on tori ||]. The symplectic form H (|TTD on this chart takes the canonical form 

= dli A dip 1 + dp\ A dq x . 

It follows that a partially integrable system in question on this chart becomes completely 
integrable, but its invariant manifolds fail to be compact and the KAM theorem is not 
applied to this completely integrable system. 

Now, let us consider a perturbed Hamiltonian 

H' ^H + Hft^ft) (14) 

on U (0) depending both on action and angle variables. Its Hamiltonian vector field with 
respect to the symplectic form fl (]TI|) reads 

'd w = (. C ik d k H ' + &H')di - d{H'd % + B Xk d k H'd x , (15) 

where the coefficients C lk and B Xk are expressed into the components and of the 
symplectic form (|TT|), and they vanish if Q 1 do so. A comparison of the expressions (|B|) 
and (0) shows that the Hamilton equation defined by the vector field (|TB|) is not that we 
want. One can try to study non-Hamiltonian perturbations of the Hamilton equation (|T5|). 
However, this is not the case of KAM theorem because, as was mentioned above, the proof 
of this theorem is based on the use of canonical transformations in order to show that a 
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perturbed equation has a solution living in a tori. Therefore, we will replace the symplectic 
structure ([LI]) on U with a different Poisson one. 

Let us provide U (b]) with the degenerate Poisson bivector field 

w = d l Adi (16) 

of constant rank k. The corresponding Poisson bracket reads 

{/, /'} = &fdif - dif&f, /, f e C°°(U). (17) 

It is readily observed that the functions Hi are in involution with respect to this Poisson 
bracket. Moreover, their Hamiltonian vector fields with respect both to the symplectic form 
(|U|) and the Poisson bivector field w (|T6|) coincide. In particular, the Hamiltonian vector 
field of a non-perturbed Hamiltonian 7i relative to w is also (|T2|) , and it defines the same 
Hamilton equation (|b|) on U. Consequently, functions Hi remain integrals of motion. It 
follows that the symplectic form H (|lTD and the Poisson bivector field w (|T6| ) make up a 
bi-Hamiltonian system. The corresponding recursion operator is written as R = o in 
terms of the morphisms : T*U —> TU and : TU —> T*U. 

Furthermore, let us consider the alternative fibration 

n' \ U = V x W x T k ^ V x T k (18) 

of the trivial bundle m ■ Then, the Poisson bracket © on U yields a Poisson bracket {, }' 
on the toroidal cylinder V x T k by the rule 

= {vr'7, ^7'}, /,/' 6 C°°(V X T k ). (19) 

With respect to the action-angle coordinates (7j,</> 1 ) on V x T k , the Poisson bracket {,}' 
and the corresponding Poisson bivector field w' on V x T k have the same coordinate expres¬ 
sions ([17]) and ([18]), respectively, as the bracket {,} and the Poisson bivector field w on U. 
Herewith, the Poisson bivector field w' is non-degenerate and associated to the symplectic 
form 


VL' = dli A dft 


( 20 ) 


on VxT k . Let s be a section of the fibre bundle n' fllS]) such that z x os =const. Then, one can 
think of the symplectic manifold (V xT k , IT) as being a reduction of the symplectic manifold 
(U, VL) via the submanifold s(H x T k ). Furthermore, the pull-back functions s*Hi, denoted Hi 
again, make up a completely integrable system on the symplectic manifold (V x T k , IT). The 
following property enables us to treat this system as a reduction of the partially integrable 
system {Hi} on U. Due to the relation (B5), any Hamiltonian vector field d' = — w'[df on 
the symplectic manifold (V x T k ,Q ') gives rise to the Hamiltonian vector field 




( 21 ) 
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on the Poisson manifold ( U,w ). Moreover, the Hamiltonian vector fields of integrals of 
motion Hi on V x T k give rise exactly to the Hamiltonian vector fields of integrals of motion 
Hi on the Poisson manifold (U, w) which, as was mentioned above, coincide with Hamiltonian 
vector fields of Hi on the symplectic manifold (U,Q). 

In particular, let 'H(Ii) be the pull-back onto V x T k of a non-perturbed Hamiltonian 
of a partially integrable system on U One can think of it as being a Hamiltonian of 

the reduced completely integrable system on V x T k . Its Hamiltonian vector held takes the 
coordinate form ([T^) and yields the Hamilton equation 

Ii = 0, ft = &H (22) 

on VxT k (cf. ([!)). Let H! be a perturbation of the Hamiltonian H which fulhls the conditions 
of the KAM theorem on the symplectic manifold (V x T k , O'). Then, its Hamiltonian vector 
held 


d’ n , = ftH’di - diH’ft (23) 

(cf. (D) on V x T k has an integral curve 
/i = $i(oyf), ft = &{o,w j t) 

located in a torus. By the formula ([?!]), the Hamiltonian vector held (]23j) gives rise to the 
vector held 


■d H > = = HH'di - diH'ft 


(24) 


on U. It defines the hrst order dynamic equation 
Ii = -diH\ z x = 0, ft = d l H' 


(25) 


on U. The vector held (p4| ) has integral curves 

Ii = &i(0,wH), z x = const., ft — $*((), wH) 

located in tori. These curves provide particular solutions of the dynamic equation (|25]). As 
follows from the expression (^4|), this equation is a Hamilton equation of the Hamiltonian 


with respect to the Poisson structure w ([161) on U, but need not be so relative to the 
original symplectic form (|ll]). One can think of ([25|) as being sui generis a KAM perturbation 
of the Hamilton equation (p~3|) . Clearly, the set of tori kept under this perturbation on a 
hbre =const. is as large as that guaranteed by the KAM theorem on V x T k . 

Basing on this result, one can extend the KAM theorem on a symplectic manifold V x T m 
i), 0 (0) to a Poisson manifold U © , w (© in a straightforward manner. It’s proof 
is a repetition of that on a symplectic manifold (e.g., in [|j]), but appeals to canonical 
transformations of the degenerate Poisson structure w m- 

Let us point out possible applications of this extended KAM theorem. These are com¬ 
pletely integrable systems whose invariant manifold need not be compact, but is foliated in 
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tori. For instance, this is the case of time-dependent completely integrable systems j6j. 
Note that any closed mechanical system (e.g., an n-body system) in an Euclidean three-space 
has at least 3 integrals of motion, besides a Hamiltonian, which are the components P±, P- 2 , 
P 3 of its total momentum. If this system admits other integrals of motion Hi (which need 
not be in involution with the total momentum P\), it is also the case of application of the 
extended KAM theorem. 
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